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THE DEVELOPMENT OF ROOF SOLAR PANELS

D. Strebkovl, V. Panchenkol, A. Irodionovl, A. Kirsanov?
L All-Russian Scientific-Research Institute for Electrification of Agriculture,
Moscow, Russia
2 JSC Innovatics, Anapa, Russia

This paper suggests electric generating coating material in the form of tile made of recycled mate-
rials based on solar cells and concentrator of solar radiation. Two versions of solar tiles — version with-
out concentrators with planar solar cells and gel increasing their service life, and tiles with concentra-
tors, sliced solar cells, gel, concentrator of solar radiation and an optical deflection system in the form of
a prism. Alongside with importance for construction, solar tiles can solve the problem of power genera-
tion, increase service life of solar modules and secondary use of plastic waste.

Keywords: electricity supply, solar tiles, concentrator of solar radiation, polysiloxane compound,

secondary raw materials.

Currently, one of the most relevant trends in
construction and architecture is improvement of
energy performance of buildings and integration of
plants using renewable energy sources into building
structures. In this case a building equipped with
systems for solar energy conversion can be consid-
ered a passive system for solar energy supply [1].

There is a wide range of technological solu-
tions for rational use of solar radiation available for
a building. One of such solutions is location of
large windows at the south side of a fagade in order
to save electric energy needed for room illumina-
tion and better warming by solar radiation in winter
season. For regulation of incoming solar radiation
window blinds are used operating in both automatic
and manual modes. To provide illumination to
rooms lacking the possibility of natural lighting,
fiber-optical waveguides are used. Another version
of architectural solutions for electricity supply to
residential building are solar modules integrated
into roof covering — the so-called «solar tiles», as
the main disadvantage of widely used solar modules
is the necessity of installing roof covering under
such a module in order to protect buildings from
external factors, which increases buildings cost.

Solar tiles are used as roof covering in con-
struction of buildings in combination with power
generation from solar radiation. The use of solar
tiles can solve architectural and construction prob-
lems, as well as the problem of electric energy sup-
ply to consumers, both autonomous or parallel with
the power network. Moreover, in fabrication of so-
lar tiles plastic waste is used. This one product re-
places two products (conventional covering tiles
and a photovoltaic module) combining both func-
tions (protection and power generation). Solar tiles

are tiles of standard form, made of recyclable mate-
rials (polyethylene bottles or film and binding mate-
rials, which reduces production cost and is benefi-
cial for environment. Solar tiles also comprise solar
cells placed in polysiloxane compound increasing
their useful life period, and working in combination
with an add-on concentrator (in dependence on the
region wherein solar tiles are used). When installed,
solar tiles are fixed to a timber bean by two self-
tapping screws each, covering a part of the next tile,
thus forming a lock. Planar solar cells encapsulated
by organosilicon two-component polysiloxane
compound prolonging solar cell useful life up to 40-
50 years, are used as electric power generating
components [2, 3].

When direct solar radiation component is
high (southern, Siberian and mountainous regions,
clean atmosphere), alongside with solar cells, solar
radiation concentrators are used, which reduces the
price of solar modules due to solar-grade silicon
saving. If overcast days and days with low solar
radiation prevail, solar tiles without concentrators
with standard planar solar cells are used, providing
annual electric power generation comparable to
electricity generation by solar tiles with concentra-
tors in regions where direct solar radiation compo-
nent is high.

Sequential commutation of solar tiles is used
in order to obtain higher voltage at the output. Each
tile voltage amounts to 1-1.2 V and current to 7-8 A.

For the implementation of the idea of solar
tiles, two-dimensional model of planar and concentra-
tor tiles has been developed in AutoCad (Fig. 1) - the
two and three-dimensional computer-aided design
and drafting system widely used in machine-building,
construction, architecture and other industries [4].

Research in Agricultural Electric Engineering. Vol. 3, 2015, Ne4: 123-127.



124 D. Strebkov, V. Panchenko, A. lIrodionov, A. Kirsanov

B B-B

s
IEEm T T L T
al ﬂ e _a
—
[ L = | _i_,

| (Jox pocom,] [ o ]

Fig. 1. Drawings of solar tiles — planar (to the left) and with a concentrator cavity (to the right)

Fig. 2. Three-dimensional model of solar tiles with a concentrator cavity

In designing the model of solar tiles, the ver-
satility of the model for fabrication of various types
of solar tiles (with various sizes of solar cells, with
a concentrator cavity, etc.) was considered. For fab-
ricating of press moulds and further fabricating the
base of solar cells using the mixture of recyclable
materials and binding compounds, it is necessary to
build three-dimensional model of solar tiles in
SolidWorks (Fig. 2) - the software package of the
computer-aided design system for automation of an
industrial enterprise at the stage of design studies
and process design of production operations, ensur-

ing the fabrication of products of any complexity
and purpose [5].

After the development of the three-
dimensional models and the fabrication of the press
mould, the samples of bases of the designed con-
centrator solar tiles have been made in accordance
with the drawings and models presented at Fig. 1
(to the right) and Fig. 2. Due to the versatility of the
developed model, the concentrator type of solar
types by some manipulations can be transformed
into planar tiles, which at the initial and preliminary
stage of designing and research is an important
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Fig. 3. Planar and concentrator solar tiles made and assembled in accordance with the developed model

achievement necessary for comparing various pa-
rameters of these two types of solar tiles (Fig. 3).

If considered in detail, solar tiles comprise a
bearing foundation with installed solar panel on the
basis of semiconductor photovoltaic converter with
an electric current-collecting cable. Solar panel is
installed on the flat platform sunk in relation to the
upper surface of the foundation, and is protected by
hardening sealing compound. A solar panel inte-
grated into tiles, comprises commutated silicon so-
lar cells with 156-156 mm or 125-125 mm dimen-
sions. It has protective coating of tempered glass
and different voltage and electric capacity in de-
pendence on the number of commutated solar cells.
Fig. 3 in the middle part presents tiles with two
standard cells with 125-125 mm dimensions, which
simplifies commutation. A solar module integrated
into tiles, with maximum filling of photoreceptive
surface has also been fabricated (Fig. 3). Solar cells
are sealed in a glass unit with two-component pol-
ysiloxane compound increasing their useful life pe-
riod [2, 3].

Alongside with the planar version of solar
modules in tiles, protected linear focusing cylindri-
cal concentrators with the solar cells in the form of
a band in its focus (Fig. 3 to the left), have been
fabricated and applied. The use of concentrators in
roof solar panels allows to reduce semiconductor
material consumption, as well as the cost of the
module itself [6, 7]. The case of roof solar panel
can be made of high impact plastic, ceramics or
mixture of sand and reworked plastic. The internal
cavities of the case are molded to locate protective
coating for semicylindrical parabolic mirror reflec-
tors, an optical deflection system and receivers
made of commutated solar cells. Protective coating
can also be made in the form of an optical deflec-

tion system, and mirror reflectors of flat mirror fac-
ets whose planes are parallel to the focal axis, and
the width of glass mirror facets in the meridian
plane is equal or exceeds the width of the receiver
composed of commutated solar cells thus providing
even illumination of photoreceivers and preventing
overheating of their local spots. Semicylindrical
parabolic mirror reflectors can also be made of pol-
ished aluminium alloy sheet. The side walls of in-
ternal mold cavities to place semicylindrical para-
bolic mirror reflectors are located in the meridian
plane and are equipped with mirror reflecting coat-
ing. In the tile case there are slots perpendicular to
the plane of protective coating passing through the
focal axes of semicylindrical parabolic mirror re-
flectors, where additional protective glass or trans-
parent plastic covering is installed on sealant, and
photoreceivers composed of commutated solar cells
are installed between additional protective covering
and the case. Every space between additional pro-
tective covering and the case, where photoreceivers
composed of commutated solar cells are placed, is
filled with transparent polysiloxane compound pro-
longing solar cells service life. Inside the case there
are cavities for cable connection of receivers made
of commutated solar cells to the junction box in-
stalled in the case cavity between the semicylindri-
cal parabolic mirror reflectors on the other side of
the roof solar panel, and equipped with a conduct-
ing cable for commutation with other roof solar
panels.

In addition, to increase work throughout the
day, concentrator solar tiles comprise an optical de-
flection system made of a multitude of prisms ori-
ented in one direction, with a sharp angle between
the surface of solar ray inlet and the surface of solar
ray outlet [6, 7].

Research in Agricultural Electric Engineering. Vol. 3, 2015, Ne4: 123-127.
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Roof concentrator solar panels are installed at
the southern slope of a roof at two possible angles —
for maximal generation in summer months and for
maximal generation in winter months. The use of an
additional prism optical deflection system increases
an effective aperture angle of the concentrator solar
module and the period of work in stationary mode,
and reduces cosine losses. The roof concentrator
solar panel works in stationary mode without sun
tracking and collects direct and diffuse solar radia-
tion at the receiver within the aperture angle.

Alongside with concentrator solar panels it is
possible to use planar roof solar panels which are
installed at the southern slope of a roof at an angle
optimal in terms of annual electric power in a geo-
graphic region where solar tiles are installed. Solar
tiles of this type are more suitable for the use in re-
gions where overcast days and days with low solar
radiation prevail, whereas concentrator solar panels
are more suitable for regions with high indicators of
direct solar radiation (southern, Siberian and moun-
tainous regions, clean atmosphere).

As roof solar panels combine such functions
as roof construction, electricity generation and envi-
ronmental improvement due to the use of recyclable
materials in its production, they are practically an
ideal solution of the problem of electricity supply to
private houses on the basis of independent solar
power generation. Alongside with the above-
mentioned functions, solar tiles are characterized by
very attractive and esthetic design in contrast to

standard planar solar module whose rather unattrac-
tive exterior was one of the reasons for which the
most demanding house owners are reluctant to buy
and install them.
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PA3PABOTKA KPOBEJIbHOM
COJIHEYHOM IMAHEJIN

J.C. CTpeﬁlconl, B.A. Ilan4enko’,

A.E. Upomnonos’, A.M. Kupcanos®
'Bcepoccniickuii HayuHO-MCCIeI0BATENbCKHI
HHCTUTYT IeKTPpUupUKaLun
ceJibCKoro xo3siictea (BUICX),

r. MockBa, Poccust
000 «MHHOBaTHKC», IT. AHana, Poccus

B cratbe npemioxkeH >SIEKTPOreHEepUpyro-
IMHA TOKPHIBHOM MaTepuasl B BUJE YEPENUIIbl, 13-
TOTOBJIEHHON W3 BTOPUYHOTO CHIPbS U UMEIOIIEH B
OCHOBE COJIHEYHBIC JJIEMEHTBl W KOHILIEHTPATOp
COJIHEYHOT0 M3Ny4yeHusa. PaccMOTpeHbI 1Ba BapuaH-
Ta W3TOTOBJICHUS COJIHEYHON YepenmuIlbl — OECKOH-
LIECHTPATOPHOE UCIIOJIHEHUE C IUIAaHAPHBIMHU COJI-
HEYHBIMU DJIEMEHTAMH, TEJEM, YBEIMYUBAIOLIUM
CPOK CITY>KOBI AIIEMEHTOB, W KOHIIEHTPATOPHOE HC-
MOJIHEHUE C HAPE3aHHBIMHU COJHEYHBIMHU D3JIEMEH-
TaMU, TeJeM, KOHLIEHTPATOPOM COJIHEYHOI'O H3Iy-
YEHUS U ONTHUYECKOW OTKJIOHSIIOUICH CUCTEMOU B
BUJIe pU3Mbl. Hapsiy co cTpOUTENbHBIM 3HAYCHU-
€M COJIHEYHAs YepeIulla MO3BOJISIET PELIUTh 3a0a4n
3NIEKTPOTCHEPALIMY, YBEIMYCHHUSI CpPOKa CIYXKObI
COJIHEYHBIX MOAYJEH M BTOPUYHOTO HCIOJB30Ba-
HUS TUIACTUKOBOTO BTOPCHIPHSI.

KiioueBble ci10Ba: 3IEKTPOCHAOKEHUE, COJI-
HEYHas yepenuua, KOHIEHTPATOp COJIHEYHOIO U3ITy-
YEHUsI, MOJIMCUIOKCAHOBBIA KOMIIAyH[, BTOPHUYHOE
CBIpBE.
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ANALYSIS METHODS OF NONEQUILIBRIUM THERMODYNAMICS
OF NATURAL EVOLUTIONARY PROCESSES

B. Draganov
The National University of Bioresources and Nature Use of the Ukraine,
Kiev, Ukraine

The thermodynamic bases of biological evolution are considered. The principle of hierarchical life
development and interdependency of entropy and information in the evolution process is emphasized.
Biophysical studies, including evolutionary processes, are carried out by a method of no equilibrium
thermodynamics. Evolution of life towards more organized forms is process of step increase in total en-

tropy.

Keywords: distribution function; entropy; evolution; Onsager relations; Curie principle; free en-
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In functional and morphological terms, liv-
ing beings are the most complicated and highly-
organized of all natural objects. It should be men-
tioned that in terms of thermodynamics, living
systems, including at the cellular level, behave as
no equilibrium objects with strong in homo-
geneities.

The evolution of these systems is affected by
changing of some parameters under the influence of
external factors that may be termed governing fac-
tors. For equilibrium state, in most simple case the
evolution of the system parameters is described by
the relation [1]:

Fi({xs}’ }\') = O: (1)

where F; — arbitrary complicated function depend-
ing on macroscopic variables of the system and pa-
rameters A.

This relation is true under specific limita-
tions. For example, the laws of evolution should be
such as to meet the requirements of positivity of
temperature and chemical concentration characteris-
tic of this system.

A possible state of a system is determined by
the physical parameter K. The value W may be a
complicated function of criteria and conditions.

A possible state of the system is character-
ized by the distribution f(x, t):

S(t) =—KJ f(x,t)In f (x,t)dx. @)

In addition, depending on specific type
of Kand the character of averaging of the written
f(x, t). the expression (2) can describe entropy by
Bolzmann, Shannon and Gibbs formulas. Particu-
larly, on this basis in [2] the corresponding distribu-
tion function for entropy is introduced.

The definition of Boltzmann information (en-
tropy) is always related to the variational problem
of determination of maximal probabilities.

For nonisolated systems exchanging energy
and substance with environment, changing of en-
tropy constitutes a sum of two members. One
of them - d.S is conditioned by processes in the sys-
tem [2]:

dS djS  dgS

dS _diS , deS 3
dt dt | dt @)

For an isolated system d.S = 0, the equation
(3) is reduced to the dependence dS = d;S => 0.

For irreversible processes, the phenomeno-
logical relations of irreversible processes are used
(Onsager relations) as rheological equations [4]:

N
Ik = Ly X1:(k=1,2,...,N), 4
k=1

where N — the number of independent physical pro-
cesses; Ly — the matrix of phenomenological (kinet-
ic) coefficients connecting the flows I, and thermo-
dynamic forces Xj.

In general, flows and thermodynamic forces
are tensor quantities of any rank. Physical meaning
of kinetic coefficients can be determined within the
framework of molecular-kinetic theory. The number
of kinetic coefficients different from zero in (4) are
limited by the Curie principle, in accordance with
which components (components of vectors along
the coordinate axes are meant) of flows will depend
not on all the components of thermodynamic forces.
For instance, in the case of an isolated system pro-
cesses of various tensor dimensions do not interact
with one another. Moreover, within the framework
of Onsager relations, the relations of Onsager-
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Casimir are taken as independent postulate — the so-
called principle of reversibility):

L, =(B,Q) =¢g& Ly g5 q- ®)

Here B is magnetic induction, Q — angular
spin rate of the system, and g, = 1 for even (energy,
concentration) and u g = —1 for uneven (momentum
density) macroscopic parameters (even or uneven
functions of particles velocity). For an isotropic, not
rotating system, in the absence of external magnetic
field, the relations of the symmetry (5) assume a
more simple form:

L = L, (6)

where Ly, - scalar values.

In dependence on the system characteristic,
the value dS can be both positive and negative. If
d.S is negative and exceeds d;S, in absolute value,
some stage of evolution can proceed with general
lowering of entropy:

ds
— £0. 7
T ()

This means that in the course of evolution
orderliness decreases at the cost of entropy outflow.

The distinction of energy of life from technical
thermal processes is explained by the fact that it uses
electrochemical thermodynamic cycles. In this process
living systems use not internal energy but free energy
- Helmholtz thermodynamic potential.

A key peculiarity of free energy is that entro-
py S does not rank among independent task varia-
bles. This means that interaction of energy and the
amount of extraneous information is not fundamen-
tal for the process of life and its evolution. For ge-
netic mechanisms the crucial thing are substance
properties and, consequently, the description of the
process of independent variable should include
chemical potential. In living systems the production
of energy prevail over its dissipation, and excess
energy is accumulated [6].

Life is principally related to hierarchic syn-
thesis of randomness and for each subsequent hier-
archy level specific conditions are synthesized dif-
fering from the conditions at preceding stages. In
the result, entropy describing a number of probable
states at a preceding level of hierarchy is supple-
mented by entropy generated by new states regulat-
ing new conditions. Therefore, the emergence of
life is the process of hierarchic increase of commu-

nal entropy. The hierarchy of information synthesis
is the evolution of life [8]. Entropy of evolution of
any species of living beings is written in the follow-
ing way:

SK = SK,FCH+ SK,CaM ) (8)

where S, .., — the sum of measure of genetic infor-
mation; S, ..— measure of information on self-
organization processes for which the properties of
the system are established by the value S ;e

For living beings whose development was
determined by selection, in the right part of equa-
tion S, ., should be added — the measure of infor-
mation arising from selection activities.

For evolution of life, the relation of the
amount of genetic information for two successive
levels of the hierarchy of information synthesis, is
of importance. Let us term the number Z,, the value
of genetic information, It shows how many times
the information amount will decrease in the process
of transition to the following level of the hierarchy
of information synthesis:

_ S(k+1),1“eH

Zg
Sk,reH

9)

Excess of dissipation over energy output,
even if possible, can occur only as occasional inci-
dence. However, at the stages of life birth, the prin-
ciple of development appears, providing excess of
energy output in comparison with demand in it.
Concentration of energy in this process is used as
the basis for genetic information synthesis.

The processes of evolution are observed in a
whole variety of dissipative structures. One of ex-
amples is the process of biological population. The
problem of population dynamics is solved by the
method of boundary cycles [9]. An example of evo-
lution is the dynamics of processes characteristic of
any ecosystems, including natural environment. The
laws of evolution of self-organization of any lan-
guage are also worth noticing [10]. Evolutionary
processes can also be illustrated by the activities of
social and ecological systems.

In nature, development occurs on the basis
of chain hierarchy: randomness-conditions-
memorization. A synonym of memorization in nature
is stability of its objects and processes. This results in
continuous development, in the process of which
entropy grows but stepwise in a hierarchical way.

Conclusion

Research of biophysical processes, including
evolutionary ones, is carried out by the method of
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nonequilibrium thermodynamics. It is pointed out
that the hierarchic character of information synthe-
sis in the course of the evolution and development
of living beings, is described in terms of entropy.
The evolution of life towards more organized forms
is the process of stepwise increase of communal
entropy.
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In nonequilibrium thermodynamics and energetics the second law of thermodynamics is consid-
ered fundamental. In quantum physics and the theory of relativity such outstanding scientists as
M. Planck, H. Poincaré, A. Einstein accepted the Hamilton principle of least action as a fundamental
law. Since the latter half of the X1X it has been commonly believed that evolution is governed by the se-
cond law of thermodynamics. This approach has given rise to certain problems: the heat death of the
Earth and Universe, the contradiction between evolution in accordance with the second law and the theo-
ry of biological evolution, as well as other scientific problems. The author has solved these problems,
revealing the law of survival whose essence is contrary to the essence of the second law. The law of sur-
vival and the second law in the form of reflectional dynamic symmetry constitute the general principle of
natural science — the principle of energy extremality of self-organization and progressive evolution. The
axiom simultaneously reflecting the law, the origin and the principle «life-death» has been substantiated.
The law of survival directs progressive evolution and allows to explain the birth and functioning of self-
regulating systems. The second law destroys the structures of systems that have left self-organized state,
and provides the turnover of substances participating in evolution, which has been confirmed by empiri-

cal data of evolution and biosphere functioning. .

Keywords: evolution of biosphere, the second law of thermodynamic, the law of survival, the fun-
damental law, the principle of energy extremality of self-organization, progressive evolution, turnover of

substances.

State-of-the-art

Postnonclassical (evolutionary) paradigm of
cognition takes into account the peculiarities of the
process of evolution of self-organizing nature in
further development of cognition. The fundamental
generally recognized fundamental principle of self-
organization is the synergetic principle of depend-
ence, whose essence is the reduction of variables of
a system being analyzed to consider only one of
them — the variable of order. Unfortunately, this
principle does not reflect important peculiarities of
the essence of self-organization phenomenon. All
branches of physics assume the conservation laws
as fundamental. In classical thermodynamics and
energetic the second law of thermodynamics is
commonly considered a fundamental law, and in
quantum physics and the relativity theory, accord-
ing to some outstanding scientists (M. Planck,
H. Poincaré, A. Einstein), the Hamilton principle of
least action is recognized as a fundamental law. The
second law of thermodynamics is not reflected in
the theory of relativity and quantum physics. Evi-
dently, for this reason they faced the problem of
negative energy.

The conservation laws cannot reflect the pecu-
liarities of the evolution process. All the definitions
of the second law of thermodynamics are expressed
in a restrictive form, and its basic function — entro-

py — has destructive quality. The second law can be
applied exclusively to equilibrium (not self-
organizing)  systems.  Only  self-organizing
(nonequilibrium) systems not subjected to the se-
cond law, have the ability to evolve. The Hamilton
principle of least action in its essence is an implicit-
ly expressed principle of extremal action substanti-
ated by L. Euler who relied on the Maupertius prin-
ciple of least action. The principle of extremal ac-
tion was also substantiated by G.S. Landsberg [1,
p. 201] on the basis of the Fermat principle. The
principle of extremal action is symmetrical and has
both maxima and minima. This refers equally to the
Hamilton principle of least action. The principles of
least action as formulated by Maupertius and Fer-
ma, are asymmetrical and essentially applied only
to self-organizing (nonequilibrium) systems. The
second law is also asymmetrical. It is applied only
to equilibrium (not self-organizing) systems.
Physicists have revealed that evidently for
this reason, as soon as the second law was formu-
lated it has been in conflict with «all the other
branches of physics». In this connection, Poincare
substantiated the recurrence theorem wherein the
impossibility of the existence of a law whose func-
tion would grow continuously and unidirectionally,
like entropy, was revealed. Considering the process
of evolution, logically asymmetrical laws cannot be
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fundamental laws of nature, that can be explained
by the following: in the process of progressive evo-
lution, biophil substances involved therein, undergo
two radically different states — self-organized
(nonequilibrium, live) and equilibrium (not self-
organized, conservative, chaotic). This postulate is
confirmed by empirical facts of the Earth biosphere
evolution. Most evolutionists and researches of re-
lated branches of science consider the second law of
thermodynamic a law directing progressive (global)
evolution.

The real role of the second law

of thermodynamics in evolution

The Earth does not have regular exchange of
substances with its environment. Our planet is
a thermodynamically closed system in terms of sub-
stances exchange. Progressive biological evolution
on the Earth is possible only in the presence of
turnover of biophil substances. The presence of
such turnover has been experimentally established.
Only some tenths of one percent of the whole
amount of biophil substances residing on the Earth
surface - nitrogen [2] and carbon [3] are circulating
in the living part of the biosphere in a closed cycles.
This fact testifies to high energy and substance
economy of evolution process. For turnover of bio-
phil substances, universal and continuous destruc-
tion of systems that have left self-organized state is
required. When a system leaves self-organized
state, its structure becomes equilibrium and subject
to the second law. It is no coincidence that its fun-
damental function — entropy has destructive quality.
It acts everywhere and continuously destroy such
structures, releasing biophil substances in the form
suitable for recirculation in self-organizing systems.
At the same time, systems in self-organized state,
continue to function adequately and to emerge
again in correspondence with the law whose es-
sence is opposite to the second law of thermody-
namics.

How the second law of thermodynamics

came to be recognized as the law directing

evolution

The value (term) «entropy» and the original
wording of the second law of thermodynamics were
introduced in 1850 by German physicist Rudolf
Julius Emanuel Clausius: Dmmanynn [ quoted after
4, v. 2, p 218]: The second law, in the form which
| have given it, states the fact that all transfor-
mations which occur in nature occur in a certain
sense which | have taken as positive, of themselves,
that is, without compensation, but that they can on-
ly occur in the opposite or negative sense in such a

way that they are compensated by positive trans-
formations which occur at the same time. The ap-
plication of this law to the universe leads to a con-
clusion to which W. Thomson first called attention
and about which | have already spoken in a recently
published paper. This conclusion is that if among
all the changes of state which occur in the universe
the transformations in one sense exceed in magni-
tude those in the opposite sense, then the general
condition of the universe will change more and
more in the former sense, and the universe will thus
persistently approach a final statex.

Considering the applicability of the first and
the second laws of thermodynamics to the Uni-
verse, Clausius gives the following short wording
of these two postulates: 1. The energy of the uni-
verse is constant; 2. The entropy of the universe
tends toward a maximum. It is in this way that the
problem of the «heat death of the Earth and the
Universe» was brought about and caused so many
controversies in science, philosophy and sociology.

This problem is in gross contradiction with the
theory of biological evolution in accordance with
which the structures and functions of living organ-
isms are progressively developing and their entropy
does not grow but decreases. Such interpretation of
the second law of thermodynamics leads to its incon-
formity (contradiction) with all the other branches of
classical physics. The above substantiation of the
problem of the heat death of the Earth and the Uni-
verse elaborated by Clausius on the basis of heat def-
inition of entropy, appears to be inconsistent. The
theoretical and empirical data of the day and even
current data on energy processes of the Earth and,
even more so, of the Universe are rather scarce and
clearly insufficient for such ambitious generalization.
Such generalization is not plausible without regard to
conditions and causes of emergence and functioning
of the animated nature on the Earth. It is surprising
that scientists of the day and of succeeding genera-
tions could take seriously the idea of the heat death
and the governing role of the second law of thermo-
dynamics in evolution.

The substantiation of the statistic defini-

tion of entropy as manifestation of disbe-

lief in the possibility to extend the applica-
tion of this value to the whole nature in the

Clausius’ substantiation of thermal pro-

cesses

Ludwig Boltzmann revealed the statistical
basis of the second law of thermodynamics. He evi-
dently thought that the Clausius thermal definition
of entropy can be extended only to equilibrium sys-
tems and cannot be applied to self-organizing
nonequilibrium (living) systems. He admired the
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theory of biological evolution by Ch. Darwin and
dreamt to extend a similar theory to the whole na-
ture, probably with the use of the statistical defini-
tion of entropy. In the result obtained from such
definition, in the right part of the formula unexpect-
edly the negative sign appeared (H = — KInW). This
caused discussion and aroused disbelief in correct-
ness of the formula construction. Boltzmann termed
this formula «H-functiony. In the course of discus-
sion on this formula, an adequate opinion was of-
fered that the formula of the statistical determina-
tion of entropy in the right part must have the two
signs: both negative and positive. The analysis
shows [5] that the presence of the negative sign in
the right part of the formula is conditioned by the
following: alongside with the second law of ther-
modynamics, in the construction of the formula
Boltzmann used the postulates of classical mechan-
ics wherein the essence of the Maupertius principle
of least action was implicitly present. After Boltz-
mann’s death, M. Planck without any explanation
transformed this formula into the following: S =
KInW. He termed it the Boltzman formula for sta-
tistical determination of entropy [6]. However, this
formula, as well as the Clausius formula for thermal
determination of entropy determine this value only
for the case of equilibrium (not self-organizing)
systems.

As demonstrated both theoretically and ex-
perimentally in the works by theoretical physicist
Yu. L. Klimontovich, in self-organization process-
es, entropy does not grow but decreases [7], conse-
quently, the formula for statistical determination of
entropy as extended to the whole nature, in its right
part must have the two signs; positive (for equilib-
rium systems) and negative (for non-equilibrium,
self-organizing systems).

The second documented case of disbelief in
the second law of thermodynamics as the fun-
damental law of nature is the statement by K.A.
Timiryazev in his Croonian lecture «The Cosmic
Role of Green Plants», delivered on April 30,
1903 at the session of the Royal Society of London
[8]. It is impossible to explain the main energy pro-
cess of the Earth biosphere — photosynthesis — on
the basis of the second law of thermodynamics.
This process is not in keeping with the definition of
entropy and clearly contradicts the problem of the
heat death. Timiryazev was admitted as a member
of the Royal Society of London only in 1912. This
demonstrates that the members of this society were
not able to give an adequate answer to the challenge
to fundamental science contained in the title of his
lecture at the moment of its delivery.

In fact, answer to the Timiryazev’s challenge
was presented in A. Einstein work «On a Heuristic
Viewpoint Concerning the Production and Trans-
formation of Light" written in 1902-1905 and pub-
lished in 2005 [9]. For this work the author was
awarded the Nobel prize. It presents the substantia-
tion of quantum transformation of radiation energy —
photoeffect. Radiation energy is not only generated
(emitted) but transformed by whole photons (quan-
ta). Photoeffect (physical, chemical, biological) is
proportional not to the amount of absorbed energy
but to the amount of effectively absorbed photons.
Direct transformation of radiation energy through
photosynthesis of plants and photovoltaic cells can
be explained by the law of quantum equivalence
and not by the second law of thermodynamics. This
can be considered as the evidence of Einstein’s
recognition of inadequacy of the second as a fun-
damental law of nature.

However, conceptually, in terms of photoeffect,
radiation exergy (free energy at the inlet to a convert-
er) can be determined only for cases when a radiator
and a radiation converter have spectral characteristics
similar to those of the absolutely black body. Spectral
characteristics of green leaves of plants and photovol-
taic converters differ fundamentally from the corre-
sponding characteristics of the absolutely black body.
The methodology of determination of radiation exergy
for plant cultivation has been defined by the semi-
empirical method and discussed at the 3rd Internation-
al Conference on radiation transformation in plants.
The results were published in the scientific magazine
of the Humboldt university [10]. To regulate the de-
termination of this value domestic industry standards
have been developed. In Germany the determination
of this value is regulated by national norms. The
methodology of determination of radiation exergy for
plant cultivation has made it possible to develop the
theory of optimization of agricultural technologies of
harvesting [11].

The law of survival whose essence

is opposite to the essence of the second law

of thermodynamics

In the discussions on the problems of the se-
cond law of thermodynamics, some scientists — V.1.
Vernadskiy, H.Helmholtz, K.A. Timiryazev, N.A.
Umov, K.E. Tsiolokovskiy put forward the hypoth-
esis of the existence of yet not discovered law
whose essence is opposite to the essence of the se-
cond law of thermodynamics. The author of this
work believed in this hypothesis and substantiated
such a law termed «the law of survivaly. Its essence
is as follows [11]: any element of a self-organizing
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Fig. 1. The logical scheme of connection of fundamental essence of the law of survival,
the second law and the principle of energy extremality of self-organization
with the axiom of life and death, phenomenal physicochemical principles
and fundamental theorems of physics

nature in its development (individual, evolutionary)
spontaneously tends to the state of the most com-
plete (effective) use of available free energy by a
system of the trophic level whose part it forms. The
analytic expressions of the law of survival are simi-
lar to those of the second law of thermodynamics,
but their right part have the negative sign [11]. The
law of survival and the second law are united in the
form of reflective dynamic symmetry into the gen-
eral natural principle of energy extremality of self-
organization and progressive evolution. The appli-
cation of the second law is limited only to equilibri-
um (not self-organizing) systems. Self-organizing
natural systems come to life and function in corre-
spondence with the law of survival. The axiom has
been revealed that encompasses the law of survival,
the second law of thermodynamics and the principle
of energy extremality of self-organization. This ax-
iom is as follows: the phenomenon of the birth of
any object, some period of its existence (life) and
its destruction (death). In short: life — death. Logical
link of this axiom with the law of survival, the se-
cond law of thermodynamics and the principle of
energy extremality, as well as with the fundamental
theorems of physics and extremal phenomenal prin-
ciples is presented at Fig.1.

In nature survival law is manifested in the
form of phenomena which are reliably established
empirically or mathematically but have not yet been

explained in scientific terms. They include: phase
transfer, golden proportion, fractal structures, soli-
tons, ontogeny or biogenetic law, high ability of all
species without any exception for reproduction, as
well as phenomenal extremal principles: the Fermat
principle, the principle of least work, Le Chatelier’s
principle, and the Lenz law (rule) of electromagnet-
ic inertia. All phenomena are self-organizing. The
law of survival has made it possible to explain their
fundamental positive essence — energy and sub-
stance economy, that in itself confirms the rele-
vance of this law.

On the basis of the law of survival and the
principle of energy extremity of self-organization it
became possible to solve the age-old scientific
problems caused by classical thermodynamics [11],
to solve the major problem of biophysics — the inte-
gration of the theories of classical physics with bi-
ology. This also confirms the relevance of consid-
ered advanced scientific ideas and their high cogni-
tive value. It has been shown that they are con-
sistent with the K. Marx’s immanent law of method
reversal [12]. With the use of the law of survival
and the principle of energy extremality of self-
organization, it became possible to reveal really
ideal properties of progressive evolution, its spon-
taneous tendency to economy: energy, substance
and informational, which results in beauty and har-
mony of evolving natural objects. As they grow in
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complexity, the evolution process is accelerated
[13]. These physically nonseparable really ideal
properties are confirmed both in theoretical and ex-
perimental terms. For example, acceleration of evo-
lution as an evolving object grows in complexity, is
confirmed by the data of experimental determina-
tion of structures of the whole genomes of organ-
isms. Of the structures of the human whole genome,
approximately 10% differ from the structures of the
whole genome of mice, whereas only one percent of
the structures of the whole genome of mice differ
from the structures of the human whole genome.
This data demonstrate that since the time of separa-
tion of genetic lines of humans and mice, the struc-
tures of the human genome as a more complex ob-
ject of evolution, developed ten times faster than
the structures of the mice genome.

The reality of existence of the law of survival
and the principle of energy extremality of self-
organization is confirmed by the following peculi-
arity of progressive evolution of biosphere in the
Earth conditions. The Earth does not have regular
exchange of substances with its environment. It can
be considered as a thermodynamically closed sys-
tem in terms of exchange of substances. Therefore,
progressive evolution thereon is possible only in the
context of turnover of substances involved in evolu-
tion. Such turnover of biophil substances has been
experimentally proved. Only some parts of one per-
cent of the total amount of biophil elements existing
on the Earth surface — nitrogen [2] and carbon [3]
are circulating in the live part of the biosphere in a
closed cycle. This is the evidence of high energy
and substance economy of evolution in the Earth
conditions. To provide such circulation it is neces-
sary to destroy the structures of objects that have
left self-organizing state (dead organisms). Entropy
has such destructive quality. Being the fundamental
function of the second law of thermodynamics, it
«universally and continuously grows» destroying
structures. It should be added that it is referred to
the structures of objects that have become equilibri-
um after they have left the self-organized state. In
accordance with the law of survival, self-organized
objects continue to function and again come to life,
using substances of the destroyed structures. This
vividly demonstrates the inconsistency of the fear
of the heat death of the Earth and the Universe. In
recent years scientific methodologists in cognition
attach great importance to the global process of
self-organizing nature — its global (progressive)
evolution [14]. Only postnonclassical (evolution-
ary) paradigm of cognition, considering evolution-
ary determinism, allows to integrate the human sci-

ence with other natural sciences. In the antique pe-
riod, the main tool of cognition was visual observa-
tion of material objects of environment — the prod-
uct of progressive evolution. However, the obtained
results, for example, such as the Plato’s holon con-
cept, even nowadays are not yet fully apprehended
in terms of cognition. In accordance with this con-
cept, it is reasonable to consider really ideal non-
separable properties of progressive evolution, re-
vealed on the basis of the law of survival and the
principle of energy extremality of self-organization,
as a holon of the highest level of self-organizing
nature. Physical constants are Plato’s holons — enti-
ties of lower level of self-organizing Nature. tl of
self-organizing nature. Holons of lower level of
self-organizing Nature are the quantum of action —
the Planck’s constant and other physical constants.

An important achievement of science in the
XXth century is the substantiation of the anthropic
cosmological principle [15]. It has several wordings
reflecting its essence not exactly enough, which
provokes cautious attitude on the part of science
methodologists and theoretical physicists. The fun-
damental essence of this principle is teleological: it
demonstrates that at the very early stage of progres-
sive evolution — the emergence of microparticles
characterized by physical constants, the birth of
human observer was envisaged.

It is possible to understand this essence only
on the basis of progressive evolution which gave
birth to this principle. We have made an attempt to
formulate such wording of the anthropic cosmolog-
ical principle that would demonstrate its scientific
validity. At the macrolevel, it is as follows: any
general scientific theory is not correct if it does not
envisage the emergence of conditions for the birth
of life and the human observer. At the level of mi-
croparticles it is defined as follows: in estimating
the conditions for birth of life and the human ob-
server, physical constants used in these calcula-
tions, should be determined to the accuracy of no
less than 9-12 decimal places. The both wordings
reflect the objective reality satisfying the require-
ments of scientific validity, in this case, of the an-
thropic cosmological principle [16]. It should be
considered as a direct consequence of progressive
evolution and the level of its precision.

For anthropology, in general, this principle is
of the same importance as the law of gravitation for
physics and engineering. It is the source of theoriza-
tion of the anthropology and sustainable develop-
ment of human society as an integral part of pro-
gressively developing unconscious nature. The un-
derstanding of the essence of progressive evolution
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on the Earth (in the thermodynamic system closed
in terms of exchange of substances) as substances
periodical passing through two principally different
states: self-organized (nonequilibrium) and equilib-
rium (chaotic), allows to exactly define the role of
the second law of thermodynamics in evolution as
the utilizer of the structures of objects that have left
the self-organized state.

This confirms the objectivity of the existence
of the law of survival and the principle of energy
extremality of self-organization, as well as the gov-
erning role of the law of survival in the process of
progressive evolution of the whole self-organizing
nature. Considering the properties of progressive
evolution and the anthropic cosmological principle,
it is possible to accelerate the determination of the
essence of the conscious man and his role in the
phylogenesis of the whole nature. At the current
level of cognition it can be said without prejudice
that the development of human society should be in
agreement with the development of unconscious
part of nature. The history of human civilizations
testifies to the fact that in general their development
was governed by religious doctrines or was quite
spontaneous.

In 1977, having realized the invalidity of ap-
plication of the second law of thermodynamics to
self-organizing natural systems, the author of this
article began to develop the exergy theory of yield
which was completed by 2007 [11]. It allows to
develop computer systems for energy and resource-
saving crop production [11], which are in high de-
mand all over the world. On the basis of the law of
survival and the principle of energy extremality of
self-organization, age-old scientific problems
caused by classical thermodynamics have been
solved, modern physical theories and biological
knowledge have been logically integrated, really
ideal properties of progressive evolution have been
revealed and the scientific validity of the anthropic
cosmological principle have been substantiated.
This principle appears to be the source of the theo-
retization of sociology and anthropology in general,
as well as the theoretical basis of social justice and
sustainable development of human society and the
unconscious nature. It has been demonstrated that
on the basis of the survival law the current global
problems — energy, food and environmental — can
be solved [17].

Supplementation of generally recognized sci-
entific ideas with the law of survival and the princi-
ple of energy extremality of self-organization al-
lows to establish scientific foundations of compre-
hensive integration of knowledge without invoking
the religious teachings. The use of these scientific

innovations accelerates the development of tech-
nologies and technical means: from biotechnologies
to information and communication technologies in
modern politics. These provisions are used in the
first manual on agricultural biotechnology [18] and
in the program «Information and communication
technologies in modern politics» designed for certi-
fication of academic teaching employees of higher
educational institutions by the training center of the
Russian Academy of State Service at the President
of the Russian Federation [19]. The fundamentals
of consolidated knowledge will make it possible to
logically formalize empirical knowledge and inte-
grate it with the general system of science.

We believe that at the current stage of scien-
tific development the law of survival and the prin-
ciple of energy extremality of self-organization of
progressive evolution are the fundamental law and
the principle of nature.
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O I'NTABHBIX TPUHIMIIE
N 3AKOHE ITPUPO/IbI

HN.A. CBeHTHIKHHA
Bcepoccuiickuii Hay4YHo-HCCIe10BATENbCKHI
HHCTUTYT IeKTPUPUKAIUH CeTbCKOT0
xo3sriictea (BUICX), r. MockBa, Poccusi

B paBHOBECHOI TepMOAMHAMUKE U JHEpre-
THUKE TJIABHBIM 3aKOHOM CYMTAIOT BTOPOE Hayayo
TEpMOAMHAMUKH. B KBaHTOBOH (m3MKe W Teopuu
OTHOCUTENIBHOCTH BbIatonMecs yuensle: M. I1nank,
A.lyankape, A. DUWHIITEHH 3a TIaBHBIA 3aKOH
MPUHAMAIHA TPUHLIWI HAWUMEHBIIETo NEHCTBHUS B
tdhopme NamumbroHa. Co BTOpOH momoBHHBI XIX
CTOJIETHSI TPHHATO CYUTAaTh, 4YTO OSBOJIOIHIO
HaIpaBJsSeT BTOPOE Hadaio. DTO BbI3BAIO Ipobiie-

MBI: TEIUIOBOM cMepTH 3eMiu W BceneHHol, mpo-
THBOpPEYHE MEXIy IBOJIOIHUEH M0 BTOPOMY Hadary
U TEOpUil OHONOTHYECKOW DJBONIONWHU, a TaKKe
WHBIE TPOOJIEMBl HAyKH. ABTOp PEIIMI 3TH MPO-
OJIeMBI, BBISIBUB 3aKOH BBDKHMBaHUS, CYIIHOCTH KO-
TOPOTO  TIPOTHBOTIOJIOXKHA CYITHOCTH  BTOPOTO
Havaja. 3aKOH BEDKMBAHHA U BTOPOE HAYalo B BUC
3epKaJIbHOM TMHAMHUYECKOM CUMMETpUH 00pa3yioT
OOMmIMH MPUHIUIT €CTECTBO3HAHUS - MIPUHIHII SHEP-
TeTHYECKOW IKCTPEMAaIbHOCTH CaMOOPTaHU3aluU U
nporpeccuBHoOi 3BororH. OOOCHOBaHA akcHoMa
OJIHOBPEMEHHO OTOOpakarolias: 3aKOH, Hadyaylo U
MPUHLUI — «KU3Hb — CMEPTHY». 3aKOH BBDKUBAHUS
HaIpaBJsieT MPOrPECCUBHYIO 3BOIOIHIO, TTO3BOJIS-
eT OOBSICHUTH BO3HHKHOBEHHE M (YHKIMOHHPOBA-
HUE CaMOOPTaHU3YIOIINXCS cUCTeM. BTopoe Haua-
JI0 pa3pymIaeT CTPYKTYPhI BBIMIEANINX W3 CaMOOp-
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TaHU30BAaHHOT'O COCTOSTHHS CHCTEM M 00ECIeunBaeT
KPYTOBOPOT BEIIECTB, YYACTBYIOIIMX B JBOJIOIHH.
OMIrpuydecKkre JaHHbIE SBONIONHA U (YyHKIIHOHU-
poBaHusI OMocQepsl HOATBEPKAAIOT 3TO.

KuaroueBble ciaoBa: s3Bomonus Owmocdepsr,
BTOpPOE HAyallo TEPMOJUHAMHUKH, 3aKOH BBDKHBA-
HUs, 3aKOH TJIABHBIM, MPHUHIMII SHEPTETHYCCKOM
JKCTPEMATBHOCTH CaMOOPTraHU3allH, MPOTrPEeCcCHB-
Hasl SBOJIOIHS, KPYTOBOPOT BEUIECTB, MPOTPECCUB-
Ha DBOITIOIHSL.
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THE LOGICAL-MATHEMATICAL ANALYSIS FOR SUBSTANTIATION
OF EFFICIENCY OF HEAT PUMPS AND REFRIGERATORS

I. Sventitskiy
All-Russian Scientific-Research Institute for Electrification of Agriculture,
Moscow, Russia

The possibility of exergy analysis of conversion of ambient heat used by heat pumps (HP) and re-
frigerating machines (RM) - the most effective heat and cold generators - has been revealed and its meth-
ods have been developed. On the basis of logical-mathematical analysis the relevance of the use of the
terms of thermodynamic and exergy efficiency not only in relation to heat engines but also in relation to
HP and RM has been substantiated. The lack of substantiation of the use of thermodynamical and exergy
efficiency values in relation to HP casted doubt on high efficiency of electric power conversion into low-
temperature heat energy. This has led to RF lagging in the HP production and use. Of the total amount of
fuel annually consumed in RF, over 50% are used to generate low-temperature heat. Exergy of this part
of fuel is not used. This is one of the reasons of high energy consumption of agricultural goods and RF
gross domestic product. It is urgent to modernize energy supply to RF agricultural complex and housing

and utility sector: to replace conventional boilers by mini co-generation plants using HP.
Keywords: refrigerator, heat pump, exergy analysis, thermodynamic efficiency, energy consump-

tion, mini co-generation plants, co-generation.

The heat pump (HP) was invented in 1852 by
outstanding English physicist William Thomson
(Kelvin) and was termed «thermodynamic heatingy.
HP started to be implemented in practice in the
1930-ies. It should be mentioned that adequate ex-
planation of the operating principle of HP and RM
on the basis of the second law of thermodynamics is
complicated in principle. In various manuals and
other technical literature their operation is explained
by «inverse Carnot cycle» which differs from direct
Carnot cycle in that it proceeds not «clockwise but
counterwise». Such explanation of cannot fully re-
flect the energy converting efficiency of HP and
RM. In fact, in HP and RM self-organizing energy-
saving natural process is used, namely, phase transi-
tion of heat carrier: evaporation — condensation,
allowing to transfer heat from less warm body to
more warm one. To characterize energy converting
efficiency of HP and RM not efficiency indicators
are used but «heating» and «refrigerating» coeffi-
cients correspondingly.

HP came to be used widely in the late 1960-
ies because of the first manifestation of the world
energy crisis. According to scientific literature re-
viewed [1] the use of advanced reverse-cycle heat
pumps to generate low-temperature heat (heating,
air-conditioning, hot water supply) makes it possi-
ble to reduce fuel consumption 3 times (for air-air
HP) and 5 times (for air-water HP) in comparison
with the use of conventional fuel heat generators.
Unfortunately, so far in the Russian Federation HP
have not been widely used and instead, convention-

al boilers are used and built. Exergy of fuel con-
sumed in boilers and other fuel heat generators not
producing electricity, is practically not used. Of
total amount of fuel annually consumed in RF,
nearly 50 % is used in such inefficient way. This is
one of the reasons of high energy intensity of RF
gross domestic product (GDP) and high cost of
housing and utility sector. It is by accident that
power engineer A.B. Bogdanov suggested to con-
sider the «boilerization» of Russia as «national dis-
aster» [2]. [2]. In the world energy intensity of
products (services) and GDP is considered as main
indicator of scientific and technological and socio-
economic progress of an industry, a country or a
region. In accordance with the data of the Interna-
tional Energy Agency (IEA) in 2006 the GDP of
Japan had the lowest energy intensity. If we take
the indicator of the Japanese GDP as a unit, the in-
dex of energy efficiency of fuel use in other coun-
tries was as follows: Great Britain — 1.4; Germany —
1.75; France — 1.9; the USA — 2.1; India — 8.0; Chi-
na—9.0; Russia — 18.1. Over the past period of time
there have not been any positive changes in RF do-
mestic energy industry. In most foreign countries
energy industry is improved due to the considerable
expansion of the use of renewable energy sources
(RES), including ambient heat, by means of HP
application.

Alongside with ambient heat, the use of solar
and biomass energy is also most successfully ex-
panded. As it is known, the entropy method in prin-
ciple is not suitable for analysis of these RES con-
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version. In the 1980-ies most energy experts started
to use exergy analysis instead of entropy analysis,
as it is more simple and reliable which allows to use
it to analyze RES conversion. The basic works by
Prof. V.M. Brodyanskiy, a leading expert in exergy
analysis, such analysis for these RES conversion
has not yet been developed [3, 4]. It is evident that
this fact is the reason of RF lagging in the use of
HP and other RES converters. This is confirmed by
the experience of discussions on the necessity of the
HP use. When it is mentioned that HP has high en-
ergy efficiency, opponents point out that HP «does
not even has efficiency». So far the absence of reli-
able methods for determination of ambient heat ex-
ergy has not allowed to establish the values of
thermodynamical and exergy efficiency for HP and
RM.

The initial methodological basis for determi-
nation of ambient exergy and heat with the use of
logical-mathematical method is the Carnot formula
to determine thermodynamical efficiency (nr) of a
thermal machine:

To
nr=1-—, (1)
I

where 7; — temperature of heat carrier at the ma-
chine inlet; T, — the same at the machine outlet.

This indicator is generally recognized and
widely used.

It should be noted that in accordance with
this method, exergy, potential working efficiency of
primary energy source used for heat generation in
heat power machines (er) is determined through
multiplying its total energy content (E) by thermo-
dynamic efficiency.

T,
eTZE-(l—T(])-]ZET]T. (2)

Extending the second law of thermodynamics
to irreversible processes, R.J. Clausius noted that in
the analysis of simple cyclic process of a thermal
machine it is necessary to take into account two
processes proceeding simultaneously therein: con-
version of some amount of heat into work (or vice
versa) and simultaneous heat transfer from more
heated body to less heated body (or vice versa). He
considered that between these two processes there
is a certain connection which does not depend on
the nature of a body (heat carrier) involved in cyclic
process. In addition, he quite correctly pointed out
that «the second law of thermodynamics must ex-
press relation between these two conversionsy». Fur-

ther he proved that both conversions must be con-
sidered as phenomena of similar nature». He terms
such two conversions that can replace each other
«equivalent transformationsy. It should be consid-
ered that the both transformations proceed in oppo-
site directions [5, v. 1, p. 212].

This Clausius conception in incipient form
comprises a valuable idea for the solution of our
problem — the substantiation of exergy analysis for
ambient heat conversion and substantiation of rele-
vance of the use of indicators of thermodynamic
and exergy efficiency for HP and RM. By «two
conversions» Clausius evidently means the follow-
ing two processes: the process of heat conversion
into work, proceeding in a thermal power machine
— direct process, and the process of work conver-
sion into heat proceeding in HP and RM — reverse
process. These two mutually opposite processes can
be considered as direct and reverse.

Usually direct process is characterized by the
value of thermodynamic efficiency of the power
machine (nr), consequently, reverse process - the
process of work conversion with the use of HOP
and RM into heat, in accordance with the definition
of inverse value in mathematical logic [6], can be
characterized by inverse value to thermodynamic
efficiency - 1/(ng). With that in mind, thermody-
namic efficiency of a heat pump and a refrigerating
machine (M..«) considering (1), can be determined
by the following dependence:

nTH,XM:]'/nT:T]./Tl_TO' (3)

The dependence (3) is similar to the depend-
ence for determination of «heating» and «refrigerat-
ing» coefficients for HP and RM, thus confirming
the validity of the substantiation (3).

For further validation of the expression (3) let
us consider the characteristics of advanced heat
pumps available in the Internet [7]. In all Vitocal
HP, whose characteristics are presented in Table 1,
minimal inlet temperature amounts to +5 C*, and
maximal delivery temperature is +55 C° [7]. If we
substitute these temperature values into the formula
(3), we shall obtain the values of thermodynamic
efficiency of the Vitocal heat pumps equal to 6.5,
which are somewhat higher than the efficiency
values given in Table 1 (5,6). The efficiency values
given by the Vitocal company are evidently
measured nominal values of real efficiency of heat
pumps, as these two values coincide with relations
of consumed electric power to heat output. In
view of the above-mentioned, these values are not
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Table 1
Some characteristics of the Vitocal heat pump [7]
Characteristic Heat pump type
WW240 WW254 WW268 WWwW280
Nominal heat capacity, kW (operating
point W10/W35 in accordance with 52.0 7.2 90,2 106.8
EN255)
Refrigerating capacity, KW 42.8 60.0 74.0 87.8
Consumed electric power, kW 9.2 13.2 16.2 19.0
Efficiency 5.6 5.6 5.6 5.6

thermodynamic efficiency of heat pumps. Evidently,
it is advisable to present them in technical documen-
tation, alongside with nominal measured values of
efficiency, as it was done by the Vitocal company.

The value of exergy efficiency of heat pumps
can be determined by the value of HP real efficien-
cy and its thermodynamic efficiency. It will be
equal to 5.6/6,5 = 0.8. The value of exergy efficien-
cy of any energy converter characterizes the meas-
ure of perfection of the given design of this type of
converters.

Considering the value of exergy efficiency of
the Vitocal reverse heat pump (0.8), it can be consid-
ered that this specific model is perfect enough for a
reverse heat pump of the air-water type. It should be
noted that without the determination of thermody-
namic efficiency of any energy converter it is not
possible to determine its exergy efficiency. The se-
cond independent method of the determination of
thermodynamic efficiency of HP and RM is possible
on the basis of the definition of the values of heat of
phase transfer of energy carrier, which are basic
working processes in these energy converters.

The peculiarity of the fundamental energy
laws — the three laws of thermodynamics — is that
their definitions have prohibitory character. This
peculiarity is most vividly reflected in all existing
definitions of the second law. Its initial definition: it
is not possible for heat to flow from a colder body
to a warmer body. Having taken into consideration
the refrigerating machine work, lord Thomson-
Kelvin invented «dynamic heating» and specified
the initial definition of the second law, including
the word «spontaneouslyy thereto. However, this
refinement did not diminish the inferiority of the
second law of thermodynamics as an independent
law of nature. For example, it is evident from the
general definition of HP efficiency given in the
Great Soviet Encyclopedia, where it is noted that
this indication can be greater than unity, as this
converter uses not only electric energy but also am-

bient heat. HP real efficiency (nry) is empirically
determined by the expression:

Qgrix
, 4
W, +Qrc @

where Q,,.x — heat pumped by HP into heated prem-
ises; W, — electric energy consumed by HP; Q¢ —
ambient heat it uses.

Still heat Qrc can be theoretically determined
only with the use of the Carnot formula (1), but as
ambient heat does not have temperature gradient, the
theoretical value of Qrc is equal to zero. Entropy of
ambient heat is maximal, consequently, its potential
convertibility (working capacity, exergy) is equal to
zero. This conclusion on the basis of the second law
of thermodynamics does not appear to be in agree-
ment with practical results concerning HP high ener-
gy-converting efficiency. Their indicators of effi-
ciency of electric energy conversion into low-
temperature heat most commonly termed «heating
coefficient», amounts to 560 % in advanced models
of reverse heat pumps of the air-water type [7].

The values of HP and RM efficiency are
greater than unity, which seems to contradict the
general efficiency definition, but this contradiction
can be explained from the point of view of modern
natural science. The initial classic definition of effi-
ciency had respect to conversion of the same kind
of energy — mechanical work. In thermodynamics
this indicator started to be used as a characteristic of
heat conversion into work, thus departing from its
classical understanding. The second peculiarity of
this explanation is the restriction of application of
the second law of thermodynamics only to equilib-
rium phenomena devoid of self-organization [8]. In
HP and RM the self-organizing phase transfer —
evaporation-condensation — is used. In its nature
This self-organizing process is energy-saving in its
nature and for this reason is not in keeping with the
second law of thermodynamics.

NTTH =
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In their monograph «The Exergy Method and
Its Application» V.M. Brodyansky with co-authors
paid great attention to the problem of using the indi-
cator of efficiency in relation to HP and RM, as well
as to the fact that it is greater than unity. They point
out [4, p. 137], that: «Academician A.A. Kharkevich
showed overwhelmingly deeper understanding of
difficulties in scientific determination of efficiency.
He wrote: «Methodological difficulties here are of
fundamental character. The major of them ... is to
specify what should be considered as useful effect of
this device, and to find the quantitative measure of
this useful effecty». The author considers this problem
as «nothing but insurmountable under the current
understanding of the essence of the matter».

Under  «the  current  understanding»
A.A. Kharkevich meant [4, p. 137]: «... the use
as... the values of energy of various types, chosen
from the energy balance, that is, eventually the dis-
crepancy between the notion of useful efficiency
coefficient (UEC) and requirement to efficiency».
This approach has given birth to pessimistic view
that «elegant simplicity of the initial definition of
efficiency has been irrevocably lost». Actually, the
initial definition of efficiency (effect utile) intro-
duced (late XVIII — early XIX centuries) by French
scientists Carnot, Navier, Poncelet, and developed
by Coriolis, was elegantly simple: efficiency is the
ratio of useful work to energy expended. As it were
mechanical and hydraulic machines that were as-
sessed, such definition was strict enough and met
all the requirements, that is, efficiency was always
lesser than unity and difference between the numer-
ator and the denominator and was exactly equal to
the loss. Consequently, the efficiency definition
was strictly unequivocal — no other values cant be
obtained from the relation of these two kinds of
work. This is explained by the fact that compared
values were qualitatively similar — work at the input
and work at the output. However, as soon as this
approach was extended to the «realm of thermal
engineering» — namely, to heat engines wherein
qualitatively different kinds of energy were

compared in transition «heat-worky», «elegant sim-
plicity» was really lost, as the single efficiency was
transformed into various transformation coefficients
not meeting the requirements to the classic efficien-
cy definition.

Conclusion

The substantiation of the exergy analysis of
ambient heat conversion — the most available ener-
gy source — as well as the understanding of rele-
vance of the use of values of thermodynamic and
exergy efficiency in relation to HP and RM with the
same degree of reliability as to heat engines, re-
move all doubts in high energy efficiency of these
energy converters. Rapid modernization of energy
supply solutions for the agroindustrial complex and
the housing and utility sector is urgent: it is neces-
sary to replace worn and outdated fuel heat genera-
tors by mini thermoelectric plants with cogenera-
tion and the use of HP.

The author expresses his gratitude to A.P.
Grishin, Dr. Sc. (Engineering) and engineer Ye.O.
Alkhazova for their creative contribution to this
work.
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JOT'HKO-MATEMATHYECKHI
U DKCEPTETUYECKU AHAJIU3BI
B OBOCHOBAHMMU KI1J] TEIIVIOBbBIX
HACOCOB H X0JIOJMJIBHUKOB

N.N. CBeHTHLIKUI
Bceepoccuiickuii HAyYHO-HCCJIeA0BaTeIbCKHMA
HHCTHUTYT IEKTPUPUKALMH CETbCKOT0
xo3siicrBa (BUICX), r. MockBa, Poccus

BrisiBieHa BO3MOXHOCTH W pa3paboTaHa
METOJMKa HKCEPreTUYECKOro aHaiu3a IMpeodpa-
30BaHU{ TEIUIOTHI CPEbl HCIOIB3YyEMON TEIUIO-
BeIMH Hacocamu (TH) m XOJODWIBHBIMH MaIIH-
HamMu (XM) — Hambonee >3pPeKTUBHBIMH TreHepa-
TOpaMH  TeIIOTHI W xoxnoga.  Jlormko-
MaTeMaTH4eckuM aHainu3oM OOocHOBaHa Iiene-
CO000pPa3HOCTh MCIOIb30BaHUS MPUMEHUTEIBHO K
TH n XM noxka3zaresneil TEPMOAUHAMUYECKUN U
skcepreruueckuit KIIJI ¢ Takoil ke mpaBOMOYHO-
CTBIO, KaK W K TEIJIOBBIM CHJIOBBIM MAaIlHHAaM.
OTtcyTcTBHEe 000CHOBAaHHOCTH MPUMEHEHUS MOKa-
3aTesiel TEepMOAMHAMUYECKUH M HKCEpreTude-
ckuii KIIJI k TH BbI3bIBaNIO HEAOBEPHUE K UX BbI-
COKOW 3P QEKTUBHOCTH NPeoOpa3OBaHHUS DIIEK-
TPO’HEPTUH B HHU3KOTEMIIEPATYPHYIO TEIMJIOBYIO
SHEPrur. JDTO MPUBEJO K oTcTaBaHuio PO B npo-
u3BojacTBe U npumeHenun TH. U3 oOmiero kosnu-
YecTBa €XKerojHo norpediasemoro B P® tomnusa
6omnee 50 % 3aTpauMBarOT TOJBKO JUISl MOy YEHHS
HU3KOTEMIIEpATypHOIO TeIuia. OKCIPTHS ITOH
YacTH TOIUIMBA HE HCIOJNB3YIOT. DTO MPHUBENO K
BBICOKOW SHEPrOEMKOCTH CEIbCKOXO3IHCTBEHHON
MPONYKIINH u BHYTPEHHETO BaJIOBOTO
npoaykra PO.

HeoOxonuMa HEOTIOXHAsS MOACPHHU3ALUS
sneproobOecneuenus AIIK u XKXKX P®: 3amena
TPaIWITHOHHBIX KOTENbHBIX Ha MUHH-TII] ¢ ko-
re’epaiuen u ucnons3oBanuem TH.

KuioueBble c10Ba: XOJNOIMIBHUK, TEITIOBOM
HAacoC, PKCEPreTUYECKU aHallu3, TEpMOJUHAMUYE-
ckuit  KIIJI, skcepreruueckuit KIIJI, sHEeproém-
KocTb, MUHU-TOL, Koreneparusi.
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COMPUTING THE ROOTS OF CYCLOTOMIC EQUATIONS
IN LIANIT ALGEBRAS

L. Akopyan
All-Russian Scientific-Research Institute for Electrification of Agriculture,
Moscow, Russia

We apply the formalism of lianit theory to calculate the »™ roots of cyclotomic equations.
Keywords: cyclotomic equations, »™ roots of unity, lianit roots, transforming polynomials, dummy index
identities

Introduction
In paper [1] the general-theoretical groundwork for solving cyclotomic equations (CE) [2], [3], [4] of
any degree f™(x) = x™ — 1 were laid. A universal formula for the elements of the lianit f™ (o) was obtained

and the existence of p, g-parameter polynomial @}~ 1(p, q) was proved (here ¢ = (—p, %), see the Theorem

and the formula (2) thereto in [1]). In [1] it was shown that the problem of solving n™ degree CE reduces to
construing a certain polynomial of degree £ = nT_l For these polynomials the term transforming polynomial

(TP) was introduced. The roots of TP were shown to satisfy the so called dummy index identities p;p; =
—(py + pw) (i # j, v # w). An efficient, universal algorithm of finding TP for any CE was also provided in
[1]. In this paper we compute the roots of cyclotomic (and related elementary palindromic) equations for n
up to 32 based on the lianit formalism developed in papers [5], [6], [7], [8], [9].

The paper is organized as follows. In Section 2 we calculate in detail the n™ roots of unity for
n=13, 17, 19. We conclude this section by stating the perfectly analogous cases of n=23, 29, 31, consider-
ing by way of illustration, n=31. In Section 3, we provide a universal algorithm of solving any CE of even
degree n regardless of its palindromic or antipalindromic nature i.e. the cases f™(x) = x™ * 1. This discus-
sion exhausts all possible cases of CE up to 32" degree. The results of our work are discussed in the
Summary.

th

Finding the n™ Roots of Unity

As in [1] all computations are carried out within the algebra,

01 03 = (%1, %) V1, ¥2) = [x1 (1 + ¥2), %2711 1)
with a right-hand unity e = (1,0) and k = (k, 0) as the analogue of the complex number k.

To calculate the function ¢~ (p, q) explicitly one simply performs element by element identity com-
parison between f*(¢) = o™+ 6" 1-a, + -+ 0 a,_; + a, and the universal expression in (2) from [1].
The primitive roots for cases N=25, 7,11were calculated earlier in papers [7], [8] using the theorem of prin-
cipal lianit roots (see [1], [2] or [9]). In [1] the case of n=11was solved by way of illustrating the developed
theory. In case of x'3 — 1 = 0, based on (13)-(14) from [1], TP reads,

fe®) =p®—p°—5p* +4p° +6p* —3p— 1= @

= (* + a1p + ax)(p" + b1p® + bop® + b3p + by)
the required coefficients a,, a,, are evidently the complex roots of the one and the same equation of n=15
degree, deriving from the index identity for f°(p) as we have 2%, = 15. In contrast to the case of x1* — 1 =

0, the polynomials f1°(a;) = f'°(a,) permit cubic integral factors. Indeed, out of six roots p;, py, ..., pg Of
TP £6(p) one distinguishes the following pairs guided by the dummy indices,

fora; > & =—(p1+p2); &2 =—3+ps); &5 =—(Ds + Ds);

for a; = 61 = p1p3, 82 = P2P4, 63 = PsPs-
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Denote the required factors by: f3(a;) = f3(ay) = a3 + kya? + kya; + ks = a3 + kya3 + kya, +
ks. Then one has: —k; =& + &, + &5 = —(py + P2 + 3 + P4 + ps + pg) = —1. The coefficient k3 also
equals to unity, since k; = —§,6,03 = —p1P203P4PsPe = —(—1) = 1. For k, we have: k, = g;¢, +
€183 + &3 = (p1 + P2)(P3 + Pa) + (P1 + P2)(Ps + Pe) + (P3 + Pa)(Ps + pe). In all 12 summands p;p;
(i # j), all the dummy indices appear symmetrically. In view of the identity p;p; = —(p, + pw), from 12
summands p;p; we obtain exactly 24 free terms p, with sign (—). In other words: k, = —4(p; + p; + ps +
ps + Ps + pg) = —4. For the sought for polynomials f3(a,), f3(a,) we can now write: f3(a;) = a3 +
a? —4a, + 1; f3(ay) = a3 + a3 — 4a, + 1. In expansion (2) it is self-evident that when selecting a specif-
ic value of a,, the value of the coefficient a, # a,. It is noteworthy, that the roots of the TP f®(p) =
p® —p° — 5p* + 4p3 + 6p? — 3p — 1 may be also found through a different factorization scheme,

fo(p) =p°®—p° —5p* +4p® + 6p® —3p -1 3)
= (p® + a;p® + azp + az)(p® + byp® + byp + b3).

In (3) a; and b; are some possible combinations of triplets, €, = —(pl- +p;+ pk) (i #j # k). There

are exactly N = 3% = 20 such triplets out of six values of p; (i = 1,2, ...,6). Among these, in particular,

exist the pairs ¢, = —(p; + p, + p3) and €, = —(p3 + p4 + ps), Which, in accordance with the index identi-
ty relations, must guarantee the existence of an integral trinomial f2(a;) = a? + k,a, + k,. Hence we have:
—ki=g+e=—((p1+p+:+pg) =—1, ie. k; =1. At the same time: k, =&, = (p; +p2 +
p3)(P4 + Ds + pe). The nine summands p;p; (i # j), lead to exactly 18 free terms p, with the sign ().
Hence: k, = —3(p; + p, + - + pg) = —3. Therefore, the equation £2°(a,) = 0, the numeric roots thereof
are the triplets &, = —(p; + p; + px), has a factor polynomial f2(a,) = af + kya; +k; = a? + a; — 3,

—-1+v13 -1-v13 - . . .
2‘/_, b; = 2‘/_. The possible values of a, u b,, are easily found via analogous reasi-

nong i.e. choosing dummy indices: §; = p1p, + P1P3 + P2P3 ¥ 82 = PyPs + Pabs + PsPe- The coefficients
a,, by, are trivially shown to be roots of f2(a,) = a3 + 2a, + 1, T.e. a, = b, = —1. Subsequently
-1++V13 3-+13 -1-+13 3++13
fe@) =p*+———p*-p+ p° + -p+ : (4)
2 2 2 2
The six values of p; yield six quadratic equations x? + p;x + 1 = 0, whose numeric roots are the primitive

hence in (3) a; =

2

p

roots of x'3 — 1 = 0, implying that the lianit roots o; = (_pi’i) are secondary lianit roots to f13(x) =

x13 — 1 (the total number of such secondary roots N = 28 78).

21-11!

3. The TP for the much-famed case of Gauss f17(x) = x17 — 1, is given by,
&) =p® —p” — 7p° + 6p° + 15p* — 10p> — 10p? + 4p + 1. (5)
Denote f2(p) = p? + a,p + a, as possible factor for £8(p), where a,, a, are the numeric roots of one and

. 8! : o
the same equations of degree N = oo = 28. Because of the index identities p;p; = —(p, + pyw) the poly-

nomials £28(a;) = f28(a,) permit integral factors,
f4(a1) = f4(a2) = af + klai, + kza% + k3a1 + k4_ = a‘21- + kla% + kza% + k3a2 + k4_. (6)
Considering the dummy index pairs,

a; > & =—(p1+p2); &2=—(3+ps); &3=—(s +D6); & =—(p7 +Ds), )

a; = 61 = PPy, Oz = P1Ps, 03 = P7Pg, 84 = P3De-
for the coefficients (6) we have: —k; =& + & +e3+¢64 =—(py +py + -+ pg) =—1. (obviously
ky = 6,6,056, = py - 02" pg = 1 (obviously k, can be found without turning to the second set of (7), writ-
ing simply k, = &,&,&5¢,). In the equation for k, = €16, + €165 + €164 + €365 + £,6, + €3¢, enter exactly
24 summands p;p; (i # j), each of which, in view of the index identities, gives two free terms p, with the
(—)sign. These 48 symetrically occuring (-p,) give: k, = —6(p; + p, + - + pg) = —6. Analogously,
—k3 = g16,65 + 18284 + 18384 + €583, Following the index identity p;p; = —(p, + p,,) We know that
the structure of each summand is identical to the others.. Consider, for instance, e;e,63 = —(p1 + p2)(p3 +
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p4)(Ps + De). The expression —(p; + p,)(ps + p4) gives 4 summands - p;p;, equivalent to eight free terms
+p,. When multiplying these eight terms p, by (ps + pe), by we receive exactly 16 products p;p;. Among
these products there are pairs with coinciding indices. From symmetry considerations, each of the four sum-
mands &;&j&, must involve two products p; - p; such as to make up a symmetric function p? +p3+ -+ pa.
Therefore the product €, ;&5 involves exactly 14 products p;p; (i # j) and two pairs with coinciding indices

i.e. exactly 28 free terms (— p{)) and the sum p? + p]2 (i # j). These reasonings lead to: —k; = g&,65 +

4-28
16264 + €16364 + €26364 = (p7 + D5 + -+ P§) —5 (p1tp++tpg)=15—-14=1, or ky=

—1. Therefore,
ffa)=f*a) =at+ad—6a?—-a;+1=a3+a3—6a%—a, +1. (8)
which in its turn permits the factorization,
1++v17 1-+v17
f*(a) = [a% e - 1] [a% - 1]. 9)

Therefore TP (5) expands as,
| 1-v- 2(17+V17) -1+V17+ /2(17—\/ﬁ)]|
fe) =p* + 2 p+ 2 |

I
I
| |

X

Y /2 174V17)  —1+VI7— |2 17 —v17),
X [p? + 2 ( )p+ 2 ( ) X
- (10)
—1+V17 - [2(17-V17) —-1-V17— [2(17 +17)
X [p? + 2 p+ 2 X
[ (17 VT7) 1T+ [2(174vT7)|
X|p2+ 1+\/ﬁ+42(17 \/ﬁ)p+ 1 \/ﬁ+42(17+\/ﬁ)J|.

Denote the roots of the quadratic trinomial in (10) as (p1,p2); (P3.P4); (Ps, Ps); (P7,ps), then ele-
mentary calculation shows, p;p; = —(p7 +ps); P3Pa = (—Ps +De); PsPe = —(P1 +D2); P7Ps =
—(p3 + p4), in full accordance with (7). Thus, the numeric roots of each eight quadratic trinomials f2(x) =
x2 + p;x + 1 form a set of 16 primitive roots of the equation x1” — 1 = 0, evidently expressible in square
radicals (as n = 17 is a Fermat number). We observe, that TP £8(p) also permits the expansion,

8@ = (0* + a1p® + axp® + azp + a)(p* + byp® + byp” + byp + by). (11)

This is the decomposition that yields the well-known chain of resolving equations related to Gaussian
periods. The coefficients a; and b,, assume the values of all possible sums ¢; = —(pl-1 +pi, +0i, + pi4),
which count to N = 70. Among these sums there is surely the pair &, = —(p; + P2 + P3 +p4); &
—(ps + pg + Py + Pg), Which enruses the existence of an integral factor polynomial f2(a,) = a? + k,a,
k, for f7%(a,). We have indeed: —k; =&, + &, = —(p; +p, + - +pg) =—1,iek; =1k, =¢, - &
(p1 + P2 + 3+ Pa)(Ps + D6 + P7 + Pg). The coefficient k, involves exactly 16 factors p;p; (i # j). The
index identity relations p;p; = —(p, + py,) render these factors into 32 free terms (—p,), which implies
k, = —4(py + p, + -+ p; + pg) = —4. As stated above, we have received the first chain of resolving

-1+V17
2
ues of a4, b; is quite sufficient for the calculation of the rest of the coefficients of the polynomials (11), it is

still instructive to perform their computation via the dummy index identities. Evidently a, and b, can be
written as,

n+ 1

Gaussian equations, namely: a? + a; — 4 = 0, hence: a;,b; = . Although the knowledge of the val-
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81 = D1P2 + P1D3 + P1Pa + P2P3 + P2Da + P3Ps; (12)
82 = DPsPe + PsP7 + PsPg + PeP7 + PePs + P7Dg.
which simply states that §; and &, are roots to f2(a,) = a3 + kya, + k, with integral coefficients k4, k.

We have: —k; = 6; + 6, = =3(py +p2 + -+ pg) = —3, since 12 summands p;p; (i # j) give 24 free
terms (—p.), hence k; = 3. From symmetry considerations it is clear that §; and &, must have identical
structures and since each involves exactly 12 free terms (—p,), it follows: §; = [-2(p; + p, + 03 + D) —
(ps + pe + 7 +p8)l; 62 = [-2(ps + P +p7 + Ps) — (P1 + P2 + 3 +pa)]. Subsequently: ky = 6,6, =
203 +pF+ P2 +pE) — (L Pyt PP =2-15-32=—2. Thus, f%(ay) =a}+
-3FV17

3a, — 2 and choosing a4, b; = %ﬁ for a, and b, we obtain: a,, b, =

shown, that as, b; = —2 + V17, a4, by = —1. Therefore,

fg(p)=p4+_1-;mp3+ 3 \/_p 24 (-2- \/_)p—l][P +—

. Analogously can be

—1-— \/_
2

(13)
+_3-;\/_p +(- 2+\/_)p—1]

Each of the brackets in (13) in its own turn expands into quadratic trinomials with coefficients expressi-
ble in square radicals. For example, take the first bracket,

—-1++v17 3 -3 =17
p° +
2 2
where 14,75 are the roots of z? + ——
equations thereof correspond to the quartlc Gaussian periods). We have,

(=14 vT7) £ [2(17 —vT7) (-1-V17) + [2(17 +17) (15)

vy NanM2 =

p? + (=2 =V17)p — 1 == (p? + n1p + 02)(P? + N3p+14) (14)
1- \/_ r

p*+

—1 =0 and 7n,,7n,4 are the roots of z2 + 7, _1=0 (the

N3N =

4 4
4. For the equation x° — 1 = 0 the TP is given by,
fo(p) =p° —p® —8p” + 7p® + 21p°> — 15p* — 20p3 + 10p%? + 5p — 1. (16)
The most effecient decomposition scheme for (16) is,
f2®) = @° + a1p® + azp + az)(®@® + byp? + byp + b3) (P + c1p? + c2p + ¢3). (17)

The values of coefficients a4, by, c; appear as all possible sums (pl1 +p;, + pl3) i.e. the equation
which numeric roots are equal to thereof sums has a degree of N = — = 84. We indicate triplets of roots p;
(i=1,2,...,9) permitting the equation thereof to have factors in the form, f3(ay) = a3 + kja? + kpa, +
ks, where kq, ko, k4 are integers. Indeed, if one considers the triplets,

a; = & =—(py +p2+p3); & =—(Ps+ps+D6); €3 =—(p7 +pg + Do) (18)

Then, —k; = g1+, + &3 =—[p1+py + -+ pg+ 9] =—1, 1. kg =1. Next, k, = g6, + €163 +
&,€3, and since each of these three summands contains 9 products p;p; (i # j), the coefficient k, is made of
27 products p;p;. The dummy index identities then give us exactly 54 free terms (—p,), thus we compute
k, = g165 + £185 + €365 = —6(py + P2 + -+ pg + pg) = —6. Analogously, ks = —g16565 =

(01 + P2 + P3)(Ps + s + D) (D7 + Ps + Po). Obviously, the product (p; + p; + p3) (P4 + s + Ds) gives
9 products p;p; (i # j), and therefore 18 free terms (—p.) with the sign (—). Their multiplication with

(p7 + ps + po) gives exactly 54 products p;p;, out of which 9 are products p;p; with coinciding indices, i.e.
—(pf +p5 + - +p§ +p5) =—(1+16) == —17. The rest of the 45 products p;p; (i # j) with the sign
(=) give exactly 90 free terms p, with the sign (+), i.e. 10(p; + p, + - + pg + pg) = +10. Combining
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these results, we receive k3 = —17 + 10 = —7. Thus, the polynomial f8*(a,) has a factor in the form of
f3(a;) = a3 + a? — 6a, — 7. In (17) the coefficients ay, by, c; are essentially the roots of f3(a;) = a3 +
a? — 6a, — 7. The values of the rest of of the coefficients (a,, b,, c,); (as, b3, c3) can be found with analo-
gous reasoning. The triplet (a,, b,, ¢;) corresponds to the combination p,p, + P13 + P2P3; Pabs + Pabe +
DsDe; P7Ps + D7D + PgPo (these, obviously, are dummy indices). They are the complex roots of f3(a,) =
a3 + 2a% — 5a, + 1. The triplet (ag, b3, c3) is root to f3(az) = a3 — 5a% + 2a; + 1. The triplet thereof

corresponds to (as, bs, c3) = (—p1P2P3, —PaPsPe, —P7PsPg). With the help of substitution a; = z — % the

polynomial f3(a,) is modified to f3(z) = z3 — 1?92 — 72—179 We have,
1 37 /19 37 (19 1
_ = A S A S _ _ - 19
a 3+J18(3+1@)+J18(3 V3)=x+y-z. (19)

Ultimately,  for  f°(p) = p° — p® — 8p” + 7p® + 21p° — 15p* — 20p3 + 10p%2 + 5p — 1 ==

(P2 + a1p? +azp+ az)(P3 + bip? + byp + b)) (P2 + c1p?> + c;p+c3) we have: a; =x++y-— %;

b1=Bx+Dy—§; c1=Dx+By—§; a2=—Bx—Dy—§; b2=—Dx—By—§; c2=—x—y—3;

3
a3=x+y+§; b3=Bx+Dy+§; c3=Dx+By+§, where B,D=%i‘/§. The next cases n =

23,29,31 are solved in complete analogy with the case of n = 11 involving Lagrange’s resolvents [1]. By
way of illustration, consider f31(x) = x3! — 1. TP calculates as,

() = p® — p'* — 14p*3 + 13p*2 + 78p't — 66p'° — 220p° + 165p® + 330p” — 210p° 20)
— 252p° + 126p* + 84p3 — 28p% — 8p + 1.

If we expand f'°(p) as f™(p) = (P° + ayp* + -+ ag)(p® + byp* + -+ b)(P° + ¢y p* + - +
cs), the coefficients (a;, b;, c;) are readily calculated via the dummy index identities. For example, the triplet
(aq, by, c1) are the roots of f3(a;) = a3 + a? — —10a, + 23. However, to compute the numeric roots of all
three quintic polynomials from (20), the joint application of Lagrange's resolvents and the dummy index
identities is necessary.

Elementary palindromic and antipalindromic equations
The algorithm for constructing TPs for any f™(x) = x™ — 1, where n is an even number, was formu-
lated in paper [1]. Using the algorithm (34)-(35) from [1], we have,

x°-1=0; f(p)=p°-2p°-p+2

x8—-1=0; f*p)=p*—2p3—2p?+4p,

x1°—1=0; f3@p)=p°>—2p*—3p3+6p%>+p-2,

x2=1=0; f(p)=p°—2p°—4p* +8p>+3p® —6p,

x*—1=0; f7(p)=p” —2p°®—5p°>+10p* + 6p> —12p2 —p + 2,
x—1=0; f%@p)=p®—2p" —6p°®+12p° + 10p* — 20p3 — 4p? + 8p.

(21)

The secondary lianit roots of x™ — 1 = 0, within the set (1), at any even n, are given by g, =

(—pi,i), where p; are the numeric roots of fz(p). The numeric roots of the equation x™ — 1 = 0 are the

roots of the quadratic equations x> + p;x +1=10; (i = 1,2, g) It is peculiar, that the numeric roots p; of

TPs from (21) do not satisfy the dummy index identities. Only in select special cases when 2 is an odd num-

ber (at even n), there appear factor polynomials with such property (This is the case, for example, in
x1°—1=0, x—-1=0). Indeed, f5(p) = —-2)(P?>—p—1([P?*+p—1), where the trinomials
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f2(p) = p?> ¥ p — 1 correspond to the TPs of equations x> ¥ 1 = 0. The problem of calcuating the roots of
x™ + 1, forn = 8,16, 32, ... is not trivial. Following [1], some cases are brought out below,

x®+1=0; f3(@p)=p°-3p

x8+1=0; f*p)=p*—4p?+2,

xP°+1=0; f3(@p)=p°—5p°+5p,

x2+1=0; f°@p)=p°®—6p*+9p?-2,
x*+1=0; f7(p)=p7 —7p° + 14p3 — 7p,
x+1=0; f8p)=p®—8p°+20p*—16p?+2.

(22)

The methodological and computational advantages of solving quadratic equations x? +p;x +1 =10
i=12.,= %) via the roots p; of corresponding TPs over the conventional method of computing the

roots of x™ — 1 = 0 and their subsequent multiplication by one of various values of ¥/—1 are obvious. By
way of illustration, solve the equation x32 + 1 = 0. The TP reads,

f1(p) = p® — 16p™* + 104p*? — 352p1° + 660p® — 672p° + 346p* — 64p? + 2. (23)

Denoting z = p? we rewrite (23) as,
f8(2) = (z* — 823 + 2022 — 162 + 2 +V2)(z* — 82 + 2022 — 162+ 2 — V2) =

=<22—4z+2+ﬁ><22—4z+2—ﬁ><22—42+2+m>-
-(zz—4z+2—\/rx/§).

Within the set (1) the equation x32 + 1 = 0 holds N = 496 lianit roots (N = % = 496). Using the TP

(22), the sixteen of these lianit solutions a; = (pi%) generate quadratic equations x2 + p;x + 1 = 0, with
13
numeric roots coinciding with those of x32 + 1 = 0. For the first bracket of (23), for instance, we have,

pi2=% |2+ ’2—1/2—\/5: pP3a==% |2— ;2— /2—\/5. (24)

Summary

To conclude we summarize the results of our work. We have computed the n™ roots of cyclotomic
equations x™ + 1 = 0 up to n=32 based on the lianit-algebraic theory of cyclotomic equations developed in
our earlier works. The obtained results perspicuously demonstrate how the lianit algorithm renders the prob-
lem of cyclotomic equations into a standard computational procedure. At the same time, each stage of com-
putation has a unified algebraic interpretation containing all the known results of Galois Group Theory. The
provided calculation of cyclotomic equations shows that while the Standard Group Theory is essential for
modern Algebra and applications, it is not necessarily well-suited for solving algebraic equations, especially
at higher degrees.
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BbIYMCJIEHUE IEPBOOBPA3HBIX
KOPHEU U3 E/IMHUIIBI
B JIMAHUTOBBIX AJITEBPAX

JI.B. AkonsiH
Bcepoccuiickuii-HAYYHO-UCCIIE0BATENbCKAH HHCTH-
TYT JIeKTPU(PUKANNN CEJIHLCKOTO X03siicTBa
(®I'BHY BUICX), MockBa, Poccus

B cratpe mpencraBieH pacder nepBoooOpas-
HeIx KopHe# u3 exmHuUIBl (IIKE) mns Bcex creme-
Hel n oT 5 710 32 Ha ocHOBaHWU (popmanu3Ma Jina-
HUTOBOM TEOpPUM YpaBHEHUN [ENEHUs Kpyra
(VIK). Ocoboe BHHMaHHE yIEIEHO CIydasMm
n=13,17,19 mnpeAcCTaBIAIOMNUM 3HAYUTCIHHBINA
Hay4HBIH MHTEpEC, B TOM YHCJIEC U AT MPHUIIOXKE-
uuil. [IpoBoaurtcs monpobHast cxema pacueros [IKE
st n=23, 29, 31. PaccMOTpeHBI Takke KOPHU TaK
Ha3bIBAEMBIX 6036pamHblX YPABHEHUN ISl CIIydacB
CUMMETPUYECKUX U AHTUCHMMETPUYECKUX KO3(-
¢urmentoB. O600ImaeTCs cxemMa COCTaBIEHUS Tie-
pexonHbix MHorowieHoB (IIM), BBeneHHBIX B
NpEeIbIYIIEM CTaThe ISl 3TUX ypaBHEHUH, yKa3bl-
BaeTCAd MNPAKTUYECKUI alropuTM Uil pacyera HxX
YHUCIIOBBIX KOpHeW. J{is Bcex cTemeHel (YeTHBIX U
HEYETHBIX) 1 0T 5 710 32 mpeCTaBIeHbl AITOPUTMBI
pacdera koddunmentoB [IM. Breimucansl B SBHOM
BUJI€ TaK Ha3bIBAEMBbIE MOXCOECMBa VYCIOBHbIX UH-
dekcos, KOTOphIM ynoBieTBopsaroT kopau [IM. Ilo-
IpoOHO 0bcyxmaercsa cxema dakropuzanuu [IM Ha
JIEMEHTapHblE TOJUHOMUAIBHBIE COMHOXHTEIH.
HoxkaspiBaercsi, 4To KO3((PUIMEHTHI pas3iioKeHHS
[IM sBAsAIOTCS OAHO3HAYHBIMU CHUMMETPUUYECKUMU
(GYHKUMSMH OT YCJIOBHBIX MH/IEKCOB, YCTaHABIIMBA-
eTcs 3HaKoNepeMeHHOCTh 3TuX GyHkuuid. [Ipu pac-
CMOTPEHHH 3HAMEHHTOrO Cllydas I[PaBHJIBHOTO
CEeMHaIaTUYTOJbHUKA, KaK YacTHBIM ciyuail u3

obmieit muanutoBoit Teopuu Y /K, ciemyer menou-
Ka pa3pelialliux ypaBHeHUH 1711 ['ayccoBCKHUX
nepuoaoB. JToT u Apyrue npumepsl YK u B03-
BpPaTHBIX YpaBHEHHWU HAIJIATHO JEMOHCTPHUPYIOT
MPEBOCXOJICTBO JIMAHUTOBBIX METOJOB PEIICHUS
anreOpanvecknx YpaBHEHHH HaJ CTaHAAPTHBIMHU
TEOPETHUKO-TPYNIIOBEIMH METOJaMH Teopuu [ amya.
KaioueBble cioBa: YypaBHEHHS JICJICHHS
Kpyra, IepBooOpa3Hble KOPHH U3 EAMHHUIIbI, JINAaHHU-
TOBBIE KOPHHM, NIEPEXOJHON MHOTOWIEH, TOXIECTBA
YCIIOBHBIX HHJIEKCOB, ['ayCCOBCKUE TEPHOIBI.
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